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Th i s  pape r  is a continuation of [1]. As in [1], t he r e  is  s a t i s f a c t o r y  a g r e e m e n t  be tween  the ca lcula t ions  
and exis t ing  t e s t  data. 

Suppose ex, ey, exy and ax ,  ay ,  Txy a r e  the  components  of the de fo rma t ion  and s t r e s s  t enso r s  in the 
z = cons t  plane (we will  cons ider  the ca se  of a plane deformat ion) .  Assuming  that  the p las t ic  s ta te  of  the 
e l emen t  is de t e rmined  sole ly  by the dev ia to r s  of  these  t e n s o r s ,  following [1], to de t e rmine  the la t te r  we will  
in t roduce the vec tor  r ep re sen ta t ion :  The de format ion  and s t r e s s  dev ia to r s  and the i r  i nc r emen t s  will  be  r e p r e -  
sented in the f o r m  of the v e c t o r s  F ,  T ,  AT, AT r e s p e c t i v e l y ,  with po la r  coordina tes  F, 2 6 2 , . . . , / w ,  2 ~  (Fig. 
1) 

r =~/ (e~  - -  %)~ + e~y, tg 2g~ = e~l(e x --  %), 

A'~= 2 

The  loading v e c t o r  AT will  be  r e p r e s e n t e d  by the sum of the s imple  and or thogonal  loads AT = AT' + 
AT". AS in [1] we will  a s s u m e  that the or thogonal  load AT"(AT'  = 0 ) c a u s e s  a de fo rmat ion  i nc remen t  A T , ,  
which is  c h a r a c t e r i z e d  by  two quanti t ies:  the angle 2 8 ,  be tween the d i rec t ion  of A T* and the vec to r  of the 
p r inc ipa l  shea r  r and the " s h e a r  modulus" /~ t  with r e s p e c t  to the  d i rec t ion  of A t "  

A'~" = A~ sin 2(9 - -  a) ---- ~t t sin 2p, h%,, (O --  r = (p - -  62). (1) 

Unlike [1] we a l so  a s s u m e  that  the s i m p le  loading Am"(Zk~" = 0) a l so  causes  a de format ion  i nc remen t  
Ay~, which is  a l so  c h a r a c t e r i z e d  by  two quant i t ies  (Fig. 2): the angle 23,, be tween the d i rec t ion  of r and the  
vec to r  AT~s, and the " s h e a r  modulus"/~p with r e s p e c t  to the d i rec t ion  of AT ' ,  so  that 

A~' = Ar cos 2 (0 - -  ~) = ~p cos 2v, h?~ (2) 

(in [1] it  was a s s u m e d  that  T* = 0). 

The  to ta l  i n c r e m e n t  of the s h e a r  wil l  then be  equal  to AF = AT cos  2 w = A T ,  cos  2f l ,  + AT, cos  2 T ,  , 
and in the or thngoual  d i r ec t ion  2 r a n  = n T  s in  2co = A T .  s in  2 f l ,  + AT~ s in  ST . .  El iminat ing  AT, ,  ATI u s -  
mg (1) and (2) we obtain 

AF = A~[Cos2(r ~, ~-' otg2~.ut sin 2 (O -- ~)], 

2FAQ = hz [ tg 27.., cos 2 (0 --  a) -I sin 2 (t'~ - ~) ]. (3) 
L ~p rt, 

2 (%- ~,~) 

Fig. 1 

Novosib i rsk .  T r a n s l a t e d  f r o m  Zhurna l  Pr ik ladnoi  Mekhaniki  i Tekhnicheskoi  Fiz iki ,  No. 4, pp. 141-145, 
1970. Or ig inal  a r t i c l e  submi t ted  June 7, 1978. 

502 0021-8944/79/2004-0502507.50 �9 1980 Plenum Publishing Corpora t ion  



�9 a j , , (  / I 

Fig. 2 

We wil l  hencefor th  confine o u r s e l v e s  to cons ider ing  the s imp le s t  f o r m  of complex  loading, namely ,  
"monotonic  loading," in which the ma in  axes  of the de fo rmat ion  t ensor  a r e  constant ly  turned in one d i rec t ion  
dur ing  t h e  loading. 

Wewi l l  make  the following as sumpt ions :  a )Thequan t i t i e s  /~p, ~ t ,  fi*, ~ .  depend only on F in the case  
of  monotonic  loading (it  is  na tura l  to a s s u m e  that  for a m o r e  complex  deformat ion  p r o c e s s  these  quant i t ies  
wi l l  depend not only on F, but,  poss ib ly ,  on other p a r a m e t e r s  of the deformat ion  t r a j e c t o r y  a lso  [1])! b) the 
vec to r  of the de fo rma t ion  i nc r emen t s  ~T can  be  r e p r e s e n t e d  by  the sum of e las t ic  deformat ion  inc remen t s  
ATe and p las t i c  de fo rma t ion  i nc r emen t s  A~,p: AF = AF e + A r  m 2 F A ~  = 2F~Q e + 2FA~p~ where  AF e = 
Ar COS 2 (4 -- ~ ) / ~ ;  2FAQ e = AW Sin 2 (~- -  ~ ) / #  ( ~ is the e las t ic  shear  modulus).  

The  condit ion when A r p  = 0 and 2FAQp = 0 will  be taken as  the condition r ep re sen t i ng  the ~.Lpproach 
of comple te  unloading. Denoting by  2 (Ou - ~) the angle which the inc remen t  v e c t o r  AT makes  with the d i r e c -  
t ion  r for  the onset  of comple te  unloading we obtain f r o m  (3) 

~ tg 2 (0~ --  ~) = _  - -  (-~p --  @) ctg ILt2~, " (4) 

We wil l  r e q u i r e  that  the e x p r e s s i o n  V = (1/2)AT �9 AT should be  a " l o c a l " t  potential ,  in other  words ,  
(L .+2L~.. t2 ~2 

that  the work  A = I dV, expended in the p las t ic  de fo rmat ion  of the m a t e r i a l  (for a sma l l  change in the 

load), should not depend on the path of in tegra t ion  or  on the o rde r  in which the load is applied. We m u s t  then 
have  

av = AF, oF 2FAQ. 
a (A* cos 2 ( 0  - -  a)) a (h* sin 2 (~} - -  ~z)) 

Hence we a l so  obtain f r o m  (5) 

tg2v. ctg2~. = :/: _~ / (  i t ) (  '! - - -~ )  
~<,, . . . .  ,~<, ~ -  T ~ " (61 

Equation (6) shows that  of the four p a r a m e t e r s  f l , ,  T , ,  ~p, ~t int roduced only two of them a r e  independent 
(we will  take these  to be  /zp and #t) .  

We wil l  now show that  the model  cons ide red  is a v e r s i o n  of  the theory  of p las t ic  flow. Taking (4) and 
(6) into account  we have 

I 6-= ~- /Tq- -  i 1 

AI's,. ..... ( i _~n_@)[A. rcos2 (0_a )+6A.cs in2 (0_(z ) ] ,  2 rh~p=6AFp ,  (8) 

whence it  follows (s ince 2 r A ~ p / A  Fp tan  2(~ u -- a)  = -- 1), that  the p las t ic  de format ion  vec to r  A Tp is o r tho -  
gonal  to the loaded su r f ace ,  defined by  (7), and that  in the case  when #t  ~ ~ the loading su r face  a t  the point 
cons ide red  has  an  angular  s ingular i ty ,  while the ca se  Izt = ~ when ~ ~ 0 co r r e sponds  to the c l a s s i c a l  v e r s i o n  
of the theo ry  of  p las t ic  flow. 

~The  idea of the ex i s tence  of a " l o c a l "  potent ia l  was  sugges ted  by  E. I. Shemyakin.  
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Fig. S Fig. 4 

As r e g a r d s  the choice of gp and ~t we wil l  note that  #Zp is  de t e rmined  f r o m  the T = T ( r )  d i ag ram,  
obtained with p ropor t iona l  loading, while gt  = gt  ( r )  is es tab l i shed  f rom expe r imen t s  on orthogonal  loading. 
Bea r ing  (8) in mind,  we can  sugges t  that  to es tab l i sh  g p and lit as  a function of I ' ,  i t  is suff icient  to c a r r y  
out only one e x p e r i m e n t  with a b r e a k  in the loading t r a j e c t o r y  at  the e las t ic  l imi t  of th is  ma te r i a l :  The c a l -  
cttlations essent~aBy conf i rm  this  s ~ g e s t i o n .  

Final ly ,  we will  now give the bas i c  re la t ionsh ip  be tween  the i nc r emen t s  in the s t r e s s  and the i n c r e -  
men t s  in the de fo rma t ion  

Aax - -  ' ~ t /  I A%~. - -  A%t ] 
Aa' , . -  he,, z,, -+- A I E A-4- A~: ,B] ,  ' 

�9 , . ( 9 )  

A~,..,--: .... - -BL ~ ] : ' ~  : I- r,:yB A8~ ~-he, '" , 
�9 - ,  ~ t  . . . . .  2 k '  

where 

/ ! t sin2~; B ~ I /  I 1 sin 2-(} 

l /  I 1 2n; k' const. - -  - -  - -  C O S  ~ =  

The l a s t  r e l a t ion  e x p r e s s e s  the law of the e las t i c  va r i a t i on  of the volume for  a plane de fo rma t ion  [1]. 

To  c o m p a r e  the ca lcula t ions  with e x p e r i m e n t a l  data  we will  use  the expe r imen ta l  data  obtained in [2]. 
In those  e x p e r i m e n t s ,  th in-wal led  tubular  spec imens  made  of 24S-T4 a luminum alloy (E = 6900 k g / m m  z and 
# = 2400 kg fmmZ ) w e r e  f i r s t  s t r e t ched  to the e l a s t i c  l imi t  so  that  cons iderab le  p las t ic  de format ion  occu r red ,  
and  w e r e  then subjec ted  to twist ing with an  addit ional  s t re tch ing  load. The  x axis  was  d i rec ted  along the 
g e n e r a t r i x  of the tube, and the y axis  was  d i r ec t ed  along the tangent ia l  plane perpendicu la r  to the x axis .  Fo r  
th is  loading p r o g r a m  the p r inc ipa l  s t r e s s e s  al ,  az ,  ~a a r e  given by  the following re la t ions :  

~ = ,~- + + ~i~, ~. = 0, ~3 = T - V L - ~ )  "r ~,,: 

where  Txy  is the tm~gential s t r e s s ,  and a x  is the s t re tch ing  s t r e s s  (it  is a s s u m e d  that  a plane uni form 
s t r e s s e d  s ta te  is obtained in the spec imens) .  In v iew of the fact  that  a l  > 0 > as  (~l, ~3 have  d i f ferent  s igns) ,  
then,  as  in the ease  of a plane deformat ion ,  the m a x i m u m  tangent ia l  s t r e s s  and the pr inc ipa l  shear  have  the 
f o r m  

Tmax = T = "7 (r --  an) := -T- Txv, 7 max = 1~ = ei -- ~S 

F u r t h e r ,  s ince a i  > a2 > a3, this  s ta te  c o r r e s p o n d s  to a s ta te  of incomplete  p las t ic i ty  [3, 41. According 
to [3], in th is  case  along the second p r inc ipa l  d i rec t ion  a l inear  (quasielast ic)  r e la t ionsh ip  be tween the s t r e s s e s  
and the de fo rmat ions  (or  the i r  increments )  is p r e s e r v e d :  As2 = - (  v , / E  ) • (Aft1 + Aa a), v ,  = v , ( F )  . Hence ,  
f r o m  the fact  tha t  Aa I + Aa2 + A~3 = 3K(Ael  + As2 + A Ca) (K = cons t ) ,  i t  follows that  Ael + Ae3 = (A~I + 
Au~) /2k '  or  A e x  + Aey = (A~x + A~y) /Zk ' ,  where  

1/2k'.= t /3K -!- v . / E .  0-0) 

Repeat ing the d i scuss ions  given above for this c l a s s  of loading, we obtain the s y s t e m  of re la t ions  (9) in 
which k '  is  g iven by  (10). F igu re s  3 and 4 show p r o g r a m s  of ce r t a in  t e s t s  and c o m p a r e  the r e su l t s  of ca l cu -  
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la t ion (the continuous l ine) with the r e su l t s  of exper iments  (we as sumed  in the calculat ions that gp = 270 
k g / m m  z, and gt = 960 k g / m m 2 ) .  Compar i son  shows that the re  is quite sa t i s fac to ry  ag reemen t  between the 
exper imen ta l  and theore t i ca l  data. 

The  author  thanks E. I. Shemyakin and R. Kh. Izmagilov for the i r  help in ca r ry ing  out this  work. 
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1. Physica l  Assmnpt ions .  A plane load, the shape and value of which does not change with t ime,  moves  
with constant  ve loc i ty  U0 over  the ex te rna l  sur face  of a layer  of ma te r i a l  of constant  thickness h, lying wi th-  
out f r ic t ion  on a r ig id  base .  We will study the plane s ta t ionary  motion of the medium when a shocl~rave U 0 > 
D O ex is t s ,  where  D o is the wave veloci ty  of the cor responding  p r e s s u r e  P00, in a sys tem of coordinate  (x, y) 
(Fig. 1), connected with the moving load P0 (x) (P0 (x) = 0, x > 0, Po (0) = P00). Before  the wavefront  the 
medium is tmperturbed:  P = 0, U = 0, p = P0 (P is the p r e s s u r e ,  U is the mass  veloci ty  vec tor  in the fixed 
sys t em of coordinates ,  and p, P0 is the c u r r e n t  and initial  density).  

The  m a t e r i a l  sa t i s f ies  the ba ro t rop ic  equation of state. Its P - 0 cha rac t e r i s t i c  is shown in Fig. 2 (the 
continuous line). The equation of the s t ra ight  line KM is d P / d p  = c 2 = const  when P(00) = Po0 (0 =: ( p -  
P0)/P0 is the volume deformation).  This  scheme is an ideal izat ion of the actual  behavior  of ma te r i a l s  contain-  
ing cavi t ies  or  pores  fi l led with eas i ly  compre s sed  ma te r i a l  (the dashed line in Fig. 2). The  initial nonlinear 
pa r t  of the loading can somet imes  be neglected when the cha rac t e r i s t i c  p r e s s u r e  is h igher  than the p r e s s u r e  
for  which the pores  col lapse,  and a fu r ther  inc rement  in the deformat ion  occurs  due to deformat ion  of the 
m a t r i x  (for example ,  when the m a t e r i a l  is subjected to shock loading of considerable  s t rength) .  For  soft 
me ta l s  this  region  is f rom tens to seve ra l  hundreds of ki lobars .  In this case  the volume deformat ions  of the 
m a t r i x  ma y  r e m a i n  small .  Fo r  many ma te r i a l s  the poros i ty  is not rees tab l i shed  when the load is removed,  
and i t  is possible to a s sume  that the deformat ion  is l i nea r - e l a s t i c  when the load is removed.  Since the level  
of tangent ia l  s t r e s s e s  (de termined by the re laxed  amplitude of the e las t ic  cha rac t e r i s t i c  or l imiting flow) is 
much less  than the p r e s s u r e  of total  packing, the r e s i s t ance  to shear  can be neglected. 
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Fig. 1 Fig. 2 
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